EE8725 Homework 5

Volker Landenberger

1 Optimization of a non-linear function with one inequality con-
straint

The function f(x) with one non-linearity constraint g(z) is to be minimized using the Kuhn-Tucker-
Condition and the Interior Point Method.

min f(x)
s.t. (1.1)
g(x) <0

1.1 Kuhn-Tucker (KKT)

The Lagrangian is:
Lz, p) = f(2) + pg(z) (1.2)
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According to KKT, the necessary condition for a minimum at (x*, u*) is:

VeL(z*.p*) = Vf(a*)+pVg(a™)
g9(x*)

“g(z*)

*
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1.2 Interior Point Method with Logarithmic Barrier Function

Equation 1.1 can be rewritten by means of the slack variable s and the logarithmic barrier function
B(z) = —pFin(s) as follows:
min f(x) — pFin(s)
s.t. (1.4)
g(z)+s=0

That will force s > 0.



The Lagrangian of equation 1.4 yields:

L(z,s,A) = f(z) — p¥In(s) + A(g(x) + 3)

and the minimum can be found at (z*, \*, s*) with the necessary condition:

ViL(z*. s*,\*) =
ViaL(z*. s*,\*) =
VsL(x*. s*,\*) =

Vi(z*) + A Vg(z")
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(1.6)



HW 5 Problem

flx) = 0.252% + 22
glx) = x5 —0.0522 — 0.5z, + 2

The gradient vectors are:

—— ( 0.50, )

2972

Vg(z) — ( —0.1@} ~05 )

Kuhn-Tucker Solution

With 1.3 and 3.19, the necessary condition for the minimum is:

0.5z] + p*(=0.12] — 0.5) =

25 +pt =

x3 —0.05(z})? — 0525 +2 <
w(xy —0.05(2x3)? — 0527 +2) =
>

L

o O O O O

(3.18)

(3.19)

(3.20)

Like in Problem 1, u = 0 results in a violation of the inequality. The set of equations that

satisfy the necessary condition for the minimum can therefore be written as:

0.52% + p*(=0.1zF —0.5) =
25 +pt =
xy—0.05(z})2 - 052 +2 =

(3.21)

3.21 is a non-linear system of equations which can be solved with the Newton method. The

solution is:

ot = 2.0896
ah = —0.7368
p* = 14737

(3.22)



Interior Point Method

Equations 3.19 and 3.18 in 1.6 result in a non-linear set of equations:

ha(z* A, s*) = 2L(z* \*.sF) = 0.52% + X\*(=0.1zf —0.5) = 0
ho(x*, A\*, %) = 387(93*= As*) = 205+ A = 0 (3.23)
hs(x*, A", s*) = %(SL’*, N s*) = ab—0.05(z})? — 0.52% +k2 +s* =0 ’
ha(z*, A", s*) = SL(z* as) = L+ =0
These can be solved with the Newton method.
. 05—-01x 0 —-0.1z; O
H replaces J in 0 9 1 0
Newton's Method H = —0.1z, — 05 1 0 1 (3.24)
0 0o 1 4

See following pages for Matlab program and sample results with different starting
points.
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